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2II. THE PREPARATION OF ARBITRARY
ENTANGLED STATES
In this Section we want to give a short overview about
a scheme to prepare N two-level atoms in an arbitrary
entangled state by using a leaky optical cavity as shown
in Fig. 1. The atoms can be stored in a linear trap,
an optical lattice or on a chip for quantum computing
[22, 23] and it is possible to move two of them simulta-
neously into the cavity. The coupling constant of each
atom inside the cavity to the single eld mode is in the
following denoted by g. The spontaneous decay rate of
each atoms equals  , while  is the decay rate of a single
photon inside the cavity.
Γ
κ g
FIG. 1: Experimental setup for the preparation of arbitrary
entangled states. The system consists of two two-level atoms
which can be moved in and out of an optical leaky cavity.
An atom inside the cavity couples to the cavity mode with
coupling strength g. A photon leaks out through the cavity
mirrors with a rate  and   is the spontaneous decay rate of
each atom.
A. The preparation of an entangled state of two
atoms
To explain the main idea of the entanglement scheme
we consider rst only two two-level atoms with the states





, and describe the preparation of the entangled
state













is a maximally entangled state of the two atoms and  an
arbitrary parameter. To do so the two atoms, initially in
the ground state, j 
0
i = j00i, have to be moved into the
cavity which should be empty. In addition, a single laser

























There are two sources of decoherence in the system:
spontaneous emission by each atom with rate   and leak-
age of photons through the cavity mirrors with rate .
We assume here that the later one is the main source for
dissipation and a strong coupling between the atoms and






= and  : (4)
For this parameter regime, one can show that the state



















To do so we now have a closer look at the time evolution
of the system.
To describe the time evolution of the system we make
use of the quantum jump approach [24, 25, 26]. It pre-
dicts that the (unnormalized) state of a quantum me-
chanical system under the condition of no photon emis-















where the conditional Hamiltonian H
cond
is a non-
Hermitian Hamiltonian. For the total system consisting
































h2j   ih b
y
b ; (7)
where b is the annihilation operator for a single photon in
the cavity mode. As a consequence of the non-Hermitian
terms in Eq. (7), the norm of the state vector j 
0
(t)i
decreases with time and its squared norm at time t gives
the probability for no photon emission in (0; t), i.e.
P
0





For the parameter choice (4) we can show that this prob-
ability is very close to unity, which is why we have to
consider only the no-photon time evolution of the sys-
tem.
Because of Eq. (4), there are two very dierent time
scales in the system. One can therefore solve the con-
ditional time evolution of the system with the help of
an adiabatic elimination of the fast varying states. This
has been done in Ref. [19]. Alternatively one can solve
Eq. (6) numerically. Here we only present numerical
results. Fig. 2 shows the probability for no photon emis-
sion obtained from a numerical integration of Eq. (6). As
an example we choose the preparation of the maximally
entangled state jai with T = =j

( )
j. If a photon is
3emitted in (0; T ) the preparation failed and has to be re-
peated. Nevertheless, as Fig. 2 shows, the success rate
of the scheme is very close to unity. The delity of the
state j 
0
(T )i in case of a successful preparation is found
to be always higher than 95% for the parameters chosen
in Fig. 2.
FIG. 2: The probability for no photon emission during the











decay rates   and  = g.
The main limiting factor of the scheme is spontaneous
emission by the atoms with rate  . To suppress this
one can make use of an additional atomic level 2. As
described in detail in Ref. [27], this level should form to-
gether with the levels 0 and 1 a  conguration. Choos-
ing the parameters as in Ref. [27], level 2 can be elimi-
nated adiabatically, which leads to atomic two-level sys-
tems as described above. But now the states j0i and j1i
are stable ground states and do not decay.
We now want to give a more intuitive explanation why
the scheme works. It takes advantage of the fact that
two-level atoms inside the cavity possess decoherence-free
states [15, 16, 17, 19]. Decoherence-free states arise if
no interaction between the system and its environment
of free radiation elds takes place. If we neglect spon-
taneous emissions this is exactly the case if the cavity
mode is empty [19]. In addition, the systems own time
evolution due to the interaction between the atoms and
the cavity mode should not lead to the population of non
decoherence-free states. From this condition we nd that
the decoherence-free states are the superpositions of the
two atomic states j00i and jai while the cavity mode is
empty. Eq. (1) corresponds therefore to the decoherence-
free states of the system.
How the preparation scheme works can now easily be
understood in terms of an environment induced quan-
tum Zeno eect [28, 29, 30]. Let us dene T as the
time in which a photon leaks out through the cavity mir-
rors with a probability very close to unity if the system
is initially prepared in a state with no overlap with a
decoherence-free state. On the other hand, a system in a
decoherence-free state will denitely not emit a photon in
T . Therefore the observation of the free radiation eld
over a time interval T can be interpreted as a measure-
ment of whether the system is decoherence-free or not
[31]. The outcome of the measurement is indicated by
an emission or no emission of a photon. As it has been
shown in Ref. [31], T is of the order 1= and =g
2
and
much smaller than the typical time scale for the laser
interaction.
Here the system continuously interacts with its envi-
ronment and the system behaves like a system under con-
tinuous observation. Therefore, the quantum Zeno ef-
fect predicts that all transitions to non decoherence-free
states are strongly inhibited. Nevertheless, there is no
inhibition of transitions between decoherence-free states
and the eect of the laser eld on the atomic states can












is the projector on the decoherence-free sub-











for the atoms, while the cavity remains empty. By solving
the corresponding time evolution, one nds that a laser
pulse of length T prepares the atoms indeed in state (1)
with  given by Eq. (5). Varying the length of the laser
pulse allows to change arbitrarily the amount of entan-
glement of the prepared state.
B. Generalization to N atoms and arbitrary
entangled states
The entanglement scheme described in the previous
subsection allows only for the preparation of certain en-
tangled states of two atoms [27]. For many applications,
however, one has to be able to prepare arbitrary entan-
gled states of N two-level atoms with N  2. In this
subsection we show how this can be done by generalizing
the scheme described above.
One possibility to increase the number of decoherence-
free states in the system is to move N two-level atoms
simultaneously into the cavity. This has been discussed
in Ref. [19] where the decoherence-free states of this
system have been constructed explicitly. However, for
applications like quantum computing it is crucial to have
simple qubits. Ideally, the logical qubits should be the
same as the physical qubits. This can be achieved by
using three-level atoms with a  conguration as shown
in Fig. 3. In the following, each qubit is obtained from
the ground states j0i and j1i of one atom which are the
ground states in the  conguration.
The setup we use is the same as shown above in Fig.
1. We assume again that the atoms are trapped in a way
that two of them can be moved simultaneously into the
cavity. As shown in Fig. 3, the 1-2 transition is in res-






FIG. 3: Each qubit is obtained from the ground states j0i and
j1i of one atom. To entangle the atoms an additional level 2 is
used which is only populated during a gate operation. The 1-2
transition is in resonance with the cavity mode and couples to
the cavity eld with a coupling strength g. The spontaneous
decay rate of level 2 is denoted by  .
highly detuned and we denote the coupling constant of
each atom to the cavity mode again by g. The sponta-
neous decay rate of level 2 is given by  . Note, that the
system is, in principle, scalable. Arbitrary many atoms
can be used.
To prove that it is possible to prepare arbitrary states
of the atoms we only have to show that it is possible
to perform universal quantum gates between all qubits
[2]. The pair of operations we choose here and discuss in
some detail in the next two subsections are the same as
discussed in Ref. [20]: the single qubit rotation and the
CNOT operation. Both gates can be realized with the
help of a single laser pulse.
The single qubit rotation. The single qubit rotation is
dened by the single atom operator
U
SQR







To perform this operation one can make use of an adia-
batic population transfer [32] | a technique which has
been realized in many experiments [33]. In order to do
this, the atom has to be moved out of the cavity. Then
two lasers, both with the same detuning, are applied si-
multaneously. One couples to the 1-2 transition and the
other two the 0-1 transition, both with the same Rabi
frequencies. A detailed description of this process can be
found in Refs. [20, 27].
The CNOT gate. A CNOT operation changes the state
of the target atom, which we call in the following atom
2, conditional on the state of the control atom, atom 1,
being in j1i. It can be described by the operator
U
CNOT
 j10ih11j+ j11ih10j : (12)
To perform this gate operation both atoms have to be
moved into the cavity and two laser elds are applied





to the 1-2 transition in atom 1, while the






















= and  : (14)
Then, as above, spontaneous emission by the atoms
during the gate operation can be neglected. In addi-
tion, it can be shown that in this parameter regime non
decoherence-free states lead to photon emissions on a
time scale much smaller than the typical time scale for
the laser interaction. As shown in Refs. [20, 34], the





assembles the CNOT operation to a very good approxi-
mation.
To understand why this is the case let us rst discuss
what the decoherence-free states of the system are. If we
consider only the two atoms inside the cavity and apply
the same criteria as above we nd that the decoherence-
free states of the system are the superpositions of the








if one sets 
  0 and    0. At the same time the cavity
has to be empty.
The additional decoherence-free state (16) is a maxi-
mally entangled state of the two atoms inside the cavity.
Populating this state can therefore be used to create en-
tanglement. To make sure that the laser pulse does not
populate other states than the decoherence-free ones the
scheme utilizes as above the environment induced quan-
tum Zeno eect [20].
The conditional Hamiltonian of the two atoms inside









































j10ihaj   jaih11j+ h:c:

(18)
for the atoms, while the cavity remains again empty dur-
ing the gate operation. By solving the corresponding
time evolution of this Hamiltonian one can show that a
laser pulse of length T as in Eq. (15) leads indeed to the
realization of a CNOT gate.
Finally we conclude with some numerical results. Fig.
4 results from a numerical integration of the time evo-
lution given by Eq. (17) and shows the success rate of























FIG. 4: The probability for no photon emission during a
CNOT operation as a function of the Rabi frequency 
,  = g,
dierent spontaneous decay rates   and the initial state j10i.
Fig. 5 shows the delity of the prepared state. As in
the previous subsection, the delity of the scheme in case
of no photon emission is very high. Problems arise again
from the presence of spontaneous emission, but again this
















FIG. 5: The delity for a single CNOT operation as a function
of the Rabi frequency 
,  = g, dierent spontaneous decay
rates   and initial state j10i.
III. ENTANGLING ATOMS INSIDE A
PHOTONIC CRYSTAL
In this section we give a short overview over another re-
cent scheme by Angelakis et al. [35] to prepare two atoms
in an entangled state using a photonic crystal (or pho-
tonic band gap material-PG). The experimental setup of
this scheme is shown in Fig. 6 and the entanglement be-
tween the atoms originates from the interaction of two
atoms with a resonant defect mode.
The rst atom is prepared in the upper of two optically




























FIG. 6: Experimental setup of the proposed PBG atom en-
tanglement scheme.
propagates into the transition in the PBG. This atom is
unable to emit a photon [35] due to the exclusion of elec-
tromagnetic modes over a continuous range of frequencies
[36] and hence a long lived photon-atom bound state of














is formed, where t
1
is the interaction time of atom 1 with
the defect and jg
1









) can be derived using a Jaynes-
Cummings Hamiltonian. As soon as atom 1 leaves the
defect region, a second atom, atom 2, prepared in its
ground state jg
2
i is send through. If t
2
is the interaction
time of this atom with the defect, then the nal state of






























































which is a maximally entangled state of the two atoms.
IV. ENTANGLEMENT VERIFICATION
One of the main problems with entanglement schemes
using the no-photon time evolution of a system is, that
someone who performs the experiment cannot know for
sure whether the scheme worked or not. Measuring
whether no photon has been emitted during the whole
experiment would require perfect photon detectors which
cover all solid angels. It is therefore crucial to have other
tests whether a preparation schemes succeeds or not.
What one can do is to use the scheme to prepare a
certain maximally entangled state of the atoms and to
verify it by observing a violation of a Bell inequality.
In this section we describe how to observe a violation
6of a Bell's inequality for two atoms and Mermin's GHZ
inequality [39] for multiple atoms. It is important to note
that for each pure two qubit state, there exists always a
Bell inequality which can be violated.
To do so one has to be able to measure whether an
atom is in state j0i or j1i with a very high precision. This
can be done following a proposal by Cook [13]. A detailed
analysis of this measurement scheme can be found in Ref.
[14].
A. A test for two atoms
Given that the state (1) can be generated, the next
interesting question is whether it violates one of Bell's
inequalities? For certain parameters it must but what
physical measurements are necessary?
The spin (or correlation function) Bell inequality [5, 7]
























) j  2 ; (22)


























with a = x, y or z is the a Pauli spin oper-





















For the state considered here the correlation function













; 0). Now if we





















the inequality (22) simplies to
B
S
= j3E (#; 0) E (3#; 0) j  2 (25)
and a violation of this inequality corresponds to jB
S
j > 2.
It is straightforward to show that the correlation func-
tion for the entangled state (1) is given by
E (#; 0) =  jj
2
cos# (26)







for # = =4. Therefore, a violation of the spin




2 given our ana-
lyzer choices. How jj
2




jT is shown in Eq. (5). In Fig.











2 occurring at j

( )
jT = . The
state of the atoms at such a time is a maximally entangled
state jai. This test on Bell's inequality can therefore be
used to verify the preparation of this state with a high




















jT and #. A violation of the
spin Bell's inequality occurs for jB
S
j > 2 and are displayed
as Islands in the j

( )
jT - # plane. The angles have been
chosen so as to maximize the violation utilizing the maximally
entangled state.
B. A Test for multiple atoms
So far, we have discussed how our preparation method
can be tested for two atoms. A similar procedure can be
used for multiple atoms depending on the state prepared.
For instance in the case of three atoms we could prepare









This state is known as the GHZ state [40]. To character-
ize it we now use Mermin GHZ inequality [39] instead of






































ij  2: (28)






































using a similar procedure to that discussed in the Bell
test. We nd that F = 4 for the state (27) while the
maximum according to local realism is F = 2. For en-
tangled states of more atoms (N > 3) a generalized form
of Mermin's inequality can be employed.
V. DISCUSSION
In this proceeding we used the recent results of Refs.
[19, 20] and described a scheme to prepare arbitrary en-
tangled states of N atoms in a controlled way with a
very high success rate. The scheme is based on the exis-
tence of decoherence-free states and an environment in-
duced quantum Zeno eect to avoid the population of
non decoherence-free states during the preparation. In
addition, we gave a short overview over a recently pro-
posed scheme by Angelakis et al. [35] to entangle two
atoms inside a photonic crystal.
7During the state preparation no photons are emitted
and observing a violation of Bell's inequality is one of the
ways to test whether the scheme has worked with a high
precision or not. We describe the possible violation of
Bell's inequality for two atoms. An entangled state of N
two-level atoms can characterized and veried similarly
with Mermin's inequality.
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